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Abstract
In this paper, we first show the monomorphicity of a map implies exactness of G-sequence
of the map relative to any space. Next we introduce the concept of cocyclic morphisms in the
category of pairs and certain homotopy invariants. We also study its properties, especially, the duality
between cyclic morphisms and cocyclic morphisms. Finally we introduce the dual G-sequences in
the category of pairs as the subsequence of the cohomology sequence and show a condition for the
dual G-sequence to be exact.  2001 Elsevier Science B.V. All rights reserved.
AMS classification: 55P45
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1. Introduction
Varadarajan [14] introduced the concept of cyclic maps and used it to define a subset
G(A,X) of Π(A,X) the set of homotopy classes of maps from A to X. Furthermore, he
used the subset G(A,X) to study the role of cyclic maps and cocyclic maps in the set-up
of Eckmann–Hilton duality.
Gottlieb [1–3] introduced and studied the evaluation subgroups (or Gottlieb groups)
Gn(X) of πn(X). He used the concept of cyclic homotopies in the definition of Gottlieb
groups.
In [5], the second author and Kim have generalized Gn(X) to Gn(X,A) for a CW-pair
(X,A). In [7], the authors introduced the subgroups Greln (X,A) of the relative homotopy
groups πn(X,A) and showed that for a CW-pair (X,A), Gn(X), Gn(X,A) and Greln (X,A)
make a sequence
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· · · → Gn(A) i∗→Gn(X,A) j∗→Greln (X,A) ∂→·· ·
→ Grel1 (X,A)→G0(A)→G0(X,A),
where i∗, j∗ and ∂ are restrictions of the usual homomorphisms of the homotopy sequence
· · · ∂→ πn(A) i∗→ πn(X) j∗→ πn(X,A)→ ·· ·→ π0(A)→ π0(X).
This sequence is called the G-sequence of (X,A). It was shown that if the inclusion
i :A→ X has a left homotopy inverse [7] or is homotopic to a constant map [8], then
the G-sequence of the CW-pair (X,A) is exact. Recently, the authors [9] introduced the
concept of cyclic morphism in the category of pairs as a generalization of cyclic map, used
the concept to define a subset Gh(α,β) of Π(α,β) in the category of pairs and generalized
the G-sequence to that in the category of pairs.
In this paper, we introduce the concept of cocyclic morphisms in the category of pairs
and study its properties and certain homotopy invariants. Especially, we investigate the
duality between the concept of cyclic morphism and that of cocyclic morphism. Moreover,
we introduce the dual G-sequence as the subsequence of the cohomology sequence.
Throughout this paper, all spaces will be connected and of the homotopy type of CW-
complexes. Hence all base points denoted by ∗ are nondegenerate.
2. Preliminaries
For n 0, let ΣnA be the nth suspension of A, CA the cone of A and i(A) :A→ CA
the natural inclusion given by i(A)(x) = (x,0). Then we are able to identify CΣnA
with ΣnCA and i(ΣnA) with Σni(A) by bringing the last coordinate forward. So ΣnA
and CΣnA have the co-Hopf structure. Let i(ΣnA) be denoted by in+1. We denoted by
Π(A,X) the set of homotopy classes of maps from A to X preserving base point. It is
well-known that Πn(A,X)=Π(ΣnA,X) is a group if n 1 and is abelian for n 2.
The category of pairs is the category in which the objects are maps (A,∗)→ (B,∗)
and a maps from α to β a pair of maps (f1, f2) such that f2α = βf1 where α :A1 →A2,
β :B1 →B2 and fi :Ai →Bi [4].
We shall call the maps in this category just morphisms to distinguish from maps
between spaces. Two morphisms (f1, f2), (g1, g2) :α→ β are called homotopic if there
is a morphism (H1,H2) :α × 1I → β such that H1 is a homotopy between f1 and g1 and
H2 is a homotopy between f2 and g2, where 1I is the identity map of the unit interval I
into itself.
The set Π(α,β) is the set of homotopy classes of morphisms from α to β in the category
of pairs. In particular, Πn(α,β)=Π(Σnα,β) is a group if n 1 and is abelian for n 2.
If α = in :Σn−1A→ CΣn−1A is the natural inclusion, Π(α,β) is denoted by Πn(A,β)
and is called the nth homotopy group of β rel.A. If β is an inclusion and A= S0, we get the
ordinary relative homotopy groups. Furthermore, if β :∗→B , then Πn(A,β)=Πn(A,B)
and if β :B→∗, then Πn(A,β)=Πn−1(A,B).
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Let YX be the function space of maps from X to Y with compact open topology,
(YX;f ) the path component of f in YX and ω :YX → Y be the evaluation map given
by ω(f )= f (∗). Then ω is always a continuous map for CW-complexes.
Here we recall several generalizations of Gottlieb groups and cyclic maps.
A map f :A→ X is said to be cyclic if there exist a map H :A × X → X such that
H ◦ i :A ∨ X → A × X → X is homotopic to ∇(f ∨ 1X) :A ∨ X → X ∨ X → X,
where ∇ is the folding map. In [14], the Gottlieb set was defined by G(A,X) = {[f ] ∈
Π(A,X) | f is a cyclic map}, equivalently, G(A,X)= ω∗Π(A,XX), where ω :XX →X
is the evaluation map. In particular, G(ΣnA,X) is denoted by Gn(A,X)= ω∗Πn(A,XX).
The subgroup Gn(A,X) is a generalization of G(A,X) and the Gottlieb group Gn(X).
In fact, G0(A,X)=G(A,X) and Gn(S0,X)=Gn(X).
A pair map f : (Bn,Sn−1)→ (X,A) is relative cyclic if there exists a map H : (Bn ×
X,Sn−1 ×A)→ (X,A) such that H |Bn×∗ = f and H |∗×X = 1(X,A). Then we can easily
show Greln (X,A)= {[f ] ∈ πn(X,A) | f is relative cyclic} [7–9].
Let h :B → X be a map. A map f :A→ X is called a cyclic map with respect to h
if there exist a map H :A × B → X such that ∇ ◦ (f ∨ h) is homotopic to H ◦ i as a
map from A ∨ B to X. In [11], Oda defined Gh(A,X) = {[f ] ∈ Π(A,X) | f is a cyclic
map with respect to h}, equivalently, Gh(A,X) = ω∗Π(A,XB ;h), where XB means the
component of h in in the function space from B to X. In fact, Oda denoted this set by
h⊥(A,X).
Let h :X → B1, α :A1 → A2 and β :B1 → B2 be maps. A map (f1, f2) :α → β is
called cyclic morphism with respect to h if there exists a map (H1,H2) :α × 1X → β
such that (H1,H2)|α = (f1, f2), (H1,H2)|1X = (h,βh), ∇ ◦ (f1 ∨ h) = H1 ◦ j1 and
∇ ◦ (f2 ∨ βh) = H2 ◦ j2 where ji :Ai ∨ X → Ai × X. In this case, (H1,H2) is called
the affiliated morphism of (f1, f2) with respect to h. If h :B1 → B1 is the identity, then
(f1, f2) is called just a cyclic morphism.
If β :B1 →∗ is the trivial map, then it is easy to show that (f1,∗) :α→ β is a cyclic
morphism with respect to h if and only if f1 :A1 → B1 is a cyclic map with respect to h.
Let in :Sn−1 →Bn and iA :A→X be the inclusions. Then a pair map f : (Bn,Sn−1)→
(X,A) is relative cyclic if and only if (f |Sn−1, f ) : in → iA is a cyclic morphism. So the
concept of cyclic morphism is a generalization of relative cyclic map.
The subset Gh(α,β) of Π(α,β) was defined in [9] by the set of homotopy class of cyclic
morphisms with respect to h, that is,
Gh(α,β)= {[f1, f2] ∈Π(α,β) | (f1, f2) is a cyclic morphism with respect to h}.
We denote Gh(Σnα,β) by Ghn(α,β), where Σnα :ΣnA1 →ΣnA2 is the map between
two suspensions induced by α which is called a suspension map. In particular, if
in :Σ
n−1A→ CΣn−1A is the natural inclusion, then we denote Gh(in, β) by Ghn(A,β).
Moreover, we denote Ghn (A,β) by Gn(A,β) if h :B1 → B1 is the identity map. Gn(A,β)
is a generalization of GReln (B2,B1) because Gn(S0, i)=GReln (B2,B1), where i :B1 → B2
is the inclusion.
Let β :B1 → B2 be a map. We can make a subsequence
· · ·→ Gn(A,B1) β∗→ Gβn (A,B2) J→ Gn(A,β) ∂→ Gn−1(A,B1)→ ·· ·
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· · ·→Πn(A,B1) β∗→Πn(A,B2) J→Πn(A,β) ∂→Πn−1(A,B1)→ ·· · ,
where β∗ is the induced map by β :B1 → B2. We call this sequence the G-sequence of
β (rel.A) [9] in category of pairs. If β :B1 → B2 is the inclusion map and A = S0, then
the G-sequence of β (rel.A) is just the G-sequence of the CW-pair (B2,B1). In [9], it
was proved that if β :B1 → B2 is null homotopic or has a left homotopy inverse, then the
G-sequence of β rel.A is exact.
3. Exactness of G-sequences
In this section, we show a weaker condition than the existence of a left homotopy inverse
of β for the G-sequence of β rel.A to be exact. A map f :X→ Y is a monomorphism
[4] in the category of based topological spaces and based homotopy classes of maps if,
for any space Z and any two maps u,v :Z → X,f ◦ u  f ◦ v implies u  v. The
monomorphicity of a map is weaker condition than the existence of a left homotopy inverse
of the map. For example, the Hopf map h :S3 → S2 is monomorphic [4] but it does not
have a left homotopy inverse. Pan and Woo [12] showed if the inclusion map of a CW-
pair is monomorphic in the category of based CW-complexes, then the pair has an exact
G-sequence. Here we generalize this result to the G-sequence of β rel.A. Let β :B1 →B2
be a map in the category of based CW-complexes and let β̂ : (B1B1∗, id)→ (B2B1∗, β) and
β : (B1
B1 , id) → (B2B1, β) be the induced maps given by β̂(f ) = βf and β(f ) = βf,
respectively, where B2B1∗ = (B2, b2)(B1,b1) is a subspace of the function space B2B1
consisting of based maps and βf denotes composition of β and f .
Theorem 3.1. If the map β :B1 →B2 is monomorphic, then the G-sequence of β rel.A is
exact.
Proof. If we consider the following commutative diagram
(B1
B1∗, id)
β̂
k1
(B2
B1∗, β)
k2
(B1
B1, id)
β
ω1
(B2
B1, β)
ω2
B1
β
B2
where ki ’s are inclusions, ωi ’s evaluation maps, β(f )= βf and β̂(f )= βf , then the map
(ω1,ω2) :β → β is a fibre map in the category of pairs with the induced map, β̂, of the
fibers B1B1∗, B2B1∗ of ω1, ω2, as the fiber, because(
B1
B1∗, id
) k1→ (B1B1, id) ω1→ B1 and (B2B1∗, β) k2→ (B2B1, β) ω2→ B2
K.Y. Lee, M.H. Woo / Topology and its Applications 116 (2001) 123–136 127
are fibration sequences. If we use the fibre map (ω1,ω2) :β→ β in the category of pairs,
the sequence
· · ·→Πn(A, β̂)→Πn(A,β)→Πn(A,β)→ ·· ·
is exact (see [4, p. 77]).
Since the map β :B1 →B2 is monomorphic, β̂ : (B1B1∗, id)→ (B2B1∗, β) and β : (B1B1,
id)→ (B2B1, β) are also monomorphic by Lemma 2.1 in [12]. Thus we have the following
commutative diagram
0 Πn(A, (B1B1∗, id))
β̂"
k1"
Πn(A, (B2
B1∗, β))
jˆ"
k2"
Πn(A, β̂)
(k1,k2)"
0
0 Πn(A, (B1B1, id))
β"
ω1"
Πn(A, (B2
B1 , β))
j¯"
ω2"
Πn(A,β)
(ω1,ω2)"
0
0 Πn(A, (B1,∗)) β" Πn(A, (B2,∗)) j" Πn(A,β) 0
such that each row and each column are exact. Let us consider the G-sequence of β rel.A
· · ·→ Gn(A,B1) β∗→ Gβn (A,B2) J→ Gn(A,β) ∂→ Gn−1(A,B1)→ ·· · .
It is easy to prove exactness at Gn(A,B1). By the surjectivity of j¯" and the commutativity
of above diagram of homotopy groups rel.A, we have
Gn(A,β) = (ω1,ω2)"j¯"
(
Πn(A,B2
B1, β)
)
= j"ω2"
(
Πn(A,B2
B1, β)
)= j"(Gβn (A,B2))
and hence the G-sequence is exact at Gn(A,β) by using the triviality of ∂ .
To prove the G-sequence is exact at Gβn (A,B2), we use the above diagram of homotopy
groups rel.A. Let (α1, α2) ∈ Gβn (A,B2) with j"(α1, α2) = 0. Then there is (β1, β2) ∈
Πn(A, (B2
B1, β)) such that (α1, α2) = ω2"(β1, β2). Let (γ1, γ2) = j¯"(β1, β2). By the
commutativity of the diagram, we have (ω1,ω2)"(γ1, γ2) = 0 and hence (γ1, γ2) =
(k1, k2)"((δ1, δ2)) for some (δ1, δ2) ∈ Πn(A, β̂). By surjectivity of jˆ", there exists
(η1, η2) ∈ Πn(A, (B2B1∗, β)) such that (δ1, δ2) = jˆ"(η1, η2). Since j¯"((β1, β2)− k2"(η1,
η2)) = 0, there exists (ξ1, ξ1) ∈ Πn(A, (B1B1, id)) such that (β1, β2) − k2"(η1, η2) =
i¯"(ξ1, ξ2). Therefore we have
(α1, α2) = ω2"(β1, β2)= ω2"
(
k2"(η1, η2)+ β"(ξ1, ξ2)
)= ω2"β"(ξ1, ξ2)
= β"ω1"(ξ1, ξ2).
Therefore (α1, α2) belongs to the image of i" and hence the G-sequence of β rel.A is
exact. ✷
4. Some results related to cocyclic morphisms
In this section, we investigate the relation between the concept of cocyclic map and that
of cocyclic morphism.
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Definition 4.1. A map α :A1 → A2 is said to be co-H-object if there exist a morphism
(µ1,µ2) :α→ α ∨ α such that (j1, j2) ◦ (µ1,µ2) :α→ α × α is equivalent to (D1,D2),
where (j1, j2) :α ∨ α→ α × α is the inclusion and (D1,D2) :α→ α × α is the diagonal
morphism, that is, α :A1 →A2 is a co-H-object if the following diagram is commutative.
A1
α
D1
µ1
A1 ×A1
α×α
A1 ∨A1
j1
α∨α
A2 ∨A2
j2
A2
µ2
D2
A2 ×A2
Example 4.1. Let (A1,µ1) and (A2,µ2) be co-H-spaces and α :A1 → A2 be a map. If
(µ1,µ2) :α→ α ∨ α is a morphism, then α is a co-H-object. So, if f :X→ Y is a map,
then
∑
f :
∑
X→∑Y is a co-H-object. Because, there are co-H-structures φX and φY
of
∑
X and
∑
Y respectively and (φX,φY ) :
∑
f →∑f ∨∑f is a morphism.
Let α :A1 →A2 and β :B1 → B2 be objects in the category of pairs.
Definition 4.2. A morphism (f1, f2) :α → β is called cocyclic if there is a morphism
(µ1,µ2) :α→ α∨β such that (j1, j2)◦ (µ1,µ2) :α→ α×β is homotopic to (1×f1,1×
f2)◦(∆1,∆2)where (∆1,∆2) :α→ α×α is the diagonal map and (j1, j2) :α∨β→ α×β
is the inclusion morphism.
In this case, we call (µ1,µ2) a coaffiliated morphism of (f1, f2).
If (µ1,µ2) is a coaffiliated morphism of (f1, f2), then the following diagram is
commutative
A1 ×A1
α×α
1×f1
A1 ×B1
α×β
A1
∆1 
µ1
α
A1 ∨B1
α∨β
j1
A2 µ2
∆2 
A2 ∨B2
j2
A2 ×A2 1×f2 A2 ×B2
where  means commutative up to homotopy.
Example 4.2. Every constant morphism (∗,∗) :α→ β is cocyclic. In fact, we may take
the inclusion (i1, i2) :α→ α ∨ β to be a coaffiliated morphism of (∗,∗).
K.Y. Lee, M.H. Woo / Topology and its Applications 116 (2001) 123–136 129
Example 4.3. If α is a co-H-object, then every morphism (f1, f2) :α→ β is cocyclic. To
see this, let (µ1,µ2) :α→ α ∨ α be the co-H-structure on α. Then we take (1 ∨ f1,1 ∨
f2) ◦ (µ1,µ2) to be a coaffiliated morphism of (f1, f2).
Lemma 4.1. If (f1, f2) :α → β is a cocyclic morphism and (θ1, θ2) :β → γ is an
arbitrary morphism, then (θ1, θ2) ◦ (f1, f2) is a cocyclic morphism.
Proof. Let α :A1 →A2, β :B1 → B2 and γ :C1 → C2 be objects. Since (f1, f2) :α→ β
is a cocyclic morphism, there exists an affiliated morphism (µ1,µ2) :α → α ∨ β . Then
(1∨ θ1,1∨ θ2) ◦ (µ1,µ2) :α→ α ∨ γ is an affiliated morphism of (θ1, θ2) ◦ (f1, f2). ✷
By the definition of cocyclic morphism, if (f1, f2) is homotopic to (g1, g2) and (f1, f2)
is a cocyclic morphism, then (g1, g2) is a cocyclic morphism.
Definition 4.3. We define the subset DG(α,β) of Π(α,β) by the set of all elements of
Π(α,β) which is a cocyclic morphism.
The following result provides a characterization of a co-H-object in terms of cocyclicity
of morphisms.
Proposition 4.2. Let α :A1 →A2 be an object. Then the followings are equivalent.
(a) α is a co-H-object;
(b) 1α = (1A1,1A2) :α→ α is a cocyclic morphism;
(c) DG(α,β)=Π(α,β) for any object β .
Proof. (a) ⇔ (b) is clear from the definitions of co-H-object and cocyclic morphism.
(b) ⇒ (c). Let [f1, f2] ∈ Π(α,β). Since (f1, f2) = (f1, f2)(1A1,1A2), (f1, f2) is a
cocyclic morphism by Lemma 4.1. So [f1, f2] ∈DG(α,β).
(c) ⇒ (b). By hypothesis, DG(α,α) =Π(α,α). So (1A1,1A2) ∈Π(α,α) = DG(α,α).
Thus (1A1,1A2) is a cocyclic morphism. ✷
Definition 4.4. α :A1 → A2 is said to be an H-object if there exists a morphism
(µ1,µ2) :α × α→ α such that (µ1,µ2) ◦ (j1, j2) :α ∨ α→ α is homotopic to (1,2)
where (j1, j2) :α ∨ α→ α × α is the inclusion map and i :Ai ∨Ai → Ai is the folding
map.
For any space X, let eX :X→ ΩΣX be the usual map given by eX(x)(s) = 〈x, s〉. If
α :X→ Y is an object, then (eX, eY ) :α→ΩΣα is a morphism. In fact,
eY
(
α(x)
)
(s)= 〈α(x), s〉=Σα〈x, s〉 =Σα(eX(x)(s))= (ΩΣα ◦ eX(x))(s).
Especially, if X is a H-space, then there exists a map sX :ΩΣX→X such that sX ◦ eX 
1X. Moreover, (SX,SY ) :ΩΣα→ α is a morphism if α is a H-object. The above results
are well-known.
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Lemma 4.3. Let α :A1 → A2 be an object and β :B1 → B2 be an H-object. Then any
morphism (f1, f2) :α→ β is a cocyclic morphism if and only if (eB1, eB2) ◦ (f1, f2) is a
cocyclic morphism.
Proof. ‘Only if ’ part is clear from Lemma 4.1.
Let (φ1, φ2) be the affiliated morphism of (eB1, eB2) ◦ (f1, f2). Then (1 ∨ sB1,1 ∨
sB2) ◦ (φ1, φ2) is the affiliated map (f1, f2), where (sB1, sB2) is the morphism mentioned
above. ✷
Lemma 4.4. Let α :A1 →A2 and β :B1 → B2 be objects. If (f1, f2) :α→ β is a cocyclic
morphism and (h1, h2) :γ → α is any morphism which has a left homotopy inverse, then
(f1, f2) ◦ (h1, h2) :γ → β is a cocyclic morphism.
Proof. Let (g1, g2) :α → γ be a left homotopy inverse of (h1, h2) and (φ1, φ2) be a
coaffiliated map of (f1, f2). Then ((g1 ∨ 1)φ1h1, (g2 ∨ 1)φ2h2) is a coaffiliated map of
(f1, f2) ◦ (h1, h2). ✷
Here, we shall derive some basic properties of DG(α,β).
Theorem 4.5. DG(α,β) is an homotopy invariant with two variables.
Proof. Let α be homotopy equivalent to γ with homotopy equivalence (h1, h2) :α→ γ .
Then (h−11 , h
−1
2 )
∗ : DG(α,β)→ DG(γ,β) is an isomorphism by Lemmas 4.4 and 4.1.
Moreover, if (g1, g2) :β → η is a homotopy equivalence, then (g1, g2)∗ : DG(α,β) →
DG(α, η) is an isomorphism. ✷
Let α :A1 →A2 and β :B1 → B2 be objects. Then the set Π(α,β) has a group structure
if β is an H-group object. Let (µ1,µ2) be a H-structure with inverse structure (ν1, ν2). If
[f1, f2], [g1, g2] ∈Π(α,β), then [f1, f2]+[g1, g2] is defined by [µ1(f1×g1)∆1,µ2(f2×
g2)∆2], where (∆1,∆2) :α→ α × α is the diagonal morphism. Moreover, [f1, f2]−1 is
defined by [ν1f1, ν2f2].
Theorem 4.6. DG(α,β) is a subgroup of Π(α,β) if β is an H-group object.
Proof. Let (µ1,µ2) be the H-structure and (ν1, ν2) the inverse on β respectively. Then the
inverse of [f1, f2] in the group π(α,β) is the homotopy class of [ν1f1, ν2f2]. According
to Lemma 4.1, (ν1f1, ν2f2)= (ν1, ν2) ◦ (f1, f2) is cocyclic if (f1, f2) is cocyclic. Hence
DG(α,β) is closed under inverse structure.
To see that it is closed under the additive operation, let [f1, f2], [g1, g2] ∈ DG(α,β).
Then we can find maps (φ1,ψ1) :α → α ∨ β and (φ2,ψ2) :α → α ∨ β such that
jφ1  (1 × f1)∆, jψ1  (1 × f2)∆, jφ2  (1 × g1)∆ and jφ2  (1 × g2)∆. Let
ik : (Ak ∨Bk)∨Bk →Ak ∨ (Bk ×Bk) be the obvious inclusion for k = 1,2.
Define λ1 = (1A1 ∨ µ1)i1(φ1 ∨ 1B1)φ2 and λ2 = (1A2 ∨ µ2)i2(ψ1 ∨ 1B1)ψ2. Then we
know that jλ1  {1 × (f1 + g1)}∆ and jλ2  {1 × (f2 + g2)}∆ [9]. Hence, in order to
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show that (λ1, λ2) is an affiliated map of [f1 + g1, f2 + g2], it is sufficient to show that
(λ1, λ2) is a map from α to α ∨ β . That is, (α ∨ β) ◦ λ1 = λ2 ◦ α. In fact,
λ2 ◦ α =
[
(1A2 ∨µ2)i2(ψ1 ∨ 1B2)ψ2
] ◦ α
= (1A2 ∨µ2)i2(ψ1 ∨ 1B2)(α ∨ β)φ2
= (1A2 ∨µ2)i2(ψ1α ∨ β)φ2
= (1A2 ∨µ2)i2
(
(α ∨ β)φ1 ∨ β
)
φ2
= (1A2 ∨µ2)i2
(
(α ∨ β)∨ β) ◦ (φ1 ∨ 1)φ2
= (1A2 ∨µ2)
(
α ∨ (β × β))i1(φ1 ∨ 1)φ2
= (α ∨µ2(β × β))i1(φ1 ∨ 1)φ2
= (α ∨ βµ1)i1(φ1 ∨ 1)φ2
= (α ∨ β)(1∨µ1)i1(φ1 ∨ 1)φ2
= (α ∨ β)λ1.
Thus [f1 + g1, f2 + g2] ∈DG(α,β), so that DG(α,β) is closed under +. Hence DG(α,β)
is a subgroup of Π(α,β). ✷
Let EX and ΩX be the path space and the loop space of a space X respectively.
Then the map p :EΩX→ ΩX given by p(α) = α(0) is an H-group object. We know
EΩX and ΩX are H-groups. The H-group structure µ :EΩX×EΩX→EΩX given by
hµ′(h−1 × h−1), where h :ΩEX→ EΩX is a homeomorphism given by h(α)(s)(t) =
α(t)(s) and µ′ is the H-group structure of ΩEX. Moreover, the inverse structure of EΩX
is given by hνh−1 where ν is the inverse structure of ΩEX. So in order to show that p is
a H-structure object, it is the sufficient to show that the following diagram is commutative;
EΩX×EΩX µ1
p×p
EΩX
p
ΩX×ΩX µ2 ΩX
where µ1, µ2 are H-group structure of EΩX, ΩX respectively. For (α,β) ∈ EΩX ×
EΩX,
pµ1(α,β)(t) = phµ(h−1 × h−1)(α,β)(t)
= phµ(h−1(α),h−1(β))(t)
= hµ(h−1(α),h−1(β))(0)(t)
= µ(h−1(α),h−1(β))(t)(0)
=
{
h−1(α)(2t)(0), for 0 t  12
h−1(β)(2t − 1)(0), for 12  t  1
=
{
α(0)(2t), for 0 t  12
β(0)(2t − 1), for 12  t  1.
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µ2(p× p)(α,β)(t) = µ2
(
p(α),p(β)
)
(t)
= µ2
(
α(0), β(0)
)
(t)
=
{
α(0)(2t), for 0 t  12
β(0)(2t − 1), for 12  t  1.
So (µ1,µ2) :p × p → p is a morphism. Moreover, pν1(α)(t) = νp(α)(t), where
ν :ΩX→ΩX is the inverse structure.
Corollary 4.7. DG(α,p) is a subgroup of Π(α,p).
In general the map pn :EΩn−1X→ Ωn−1X is a H-group object. So DG(α,pn) is a
subgroup of Π(α,pn)=Πn(α,X). Denote DG(α,pn) by DGn(α,X) for n > 1.
Here, we investigate the relation between the concept of cocyclic map and that of
cocyclic morphism.
Theorem 4.8. Let (f1, f2) :α→ β be a morphism and f1 and f2 cocyclic maps with φ1
and φ2 as coaffiliated maps respectively. If α is a cofibration and φ2α is homotopic to
(α ∨ β)φ1, then there is a coaffiliated map φ′2 such that (φ1, φ′2) is a morphism from α to
α ∨ β so that (f1, f2) is a cocyclic morphism.
Proof. Let α :A1 → A2 and β :B1 → B2 be objects. By the hypothesis, the following
diagram commutes up to homotopy.
A1 ×A1 1×f1 A1 ×B1
A1
∆
α
φ1
A1 ∨B1
α∨β
J
A2 φ2
∆
A2 ∨B2
J
A2 ×A2 1×f2 A2 ×B2
Since φ2α  (α ∨ β)φ1, there is a homotopy H :A1 × I → A2 ∨ B2 such that H |A1×0 =
φ2α and H |A1×1 = (α ∨ β)φ1. Since α is a cofibration, there exists a homotopy H ′ :A2 ×
I →A2 ∨B2 such that H =H ′(α × 1). Define φ′2 =H ′|A2×1. Then
φ′2α =H ′|A2×1α =H ′(α× 1)|A1×1 =H |A1×1 = (α ∨ β)φ1.
Thus (φ1, φ′2) is a morphism from α to α ∨ β . But φ2  φ′2 by the homotopy H ′. So φ′2
is a coaffiliated map of f2. Therefore (f1, f2) is a cocyclic morphism with the coaffiliated
morphism (φ1, φ′2). ✷
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5. A subsequence of the cohomology sequence
For a map α :A1 →A2, there is a sequence
· · ·→Πn(A2,B) α
∗→Πn(A1,B) J→Πn(α,B) ∂→Πn−1(A2,B)→ ·· · .
If we take DGn(A2,B), DGn(A1,B) and DGn(α,B)’s as the subgroups of Πn(A2,B),
Πn(A1,B) and Πn(α,B)’s respectively, then do they fit together into a sequence?
· · ·→ DGn(A2,B) α∗→ DGn(A1,B) J→ DGn(α,B) ∂→DGn−1(A2,B)→ ·· · .
Is the sequence exact? If not, what do the conditions to be exact?
First, we show that J (Πn(A1,B))⊂DGn(α,B) for any map α :A1 →A2 for n 1.
Lemma 5.1. Let α :A1 → A2 and β :B1 → B2 be objects. If B1 is contractible, then
the morphism (f,∗) :α→ β is a cocyclic morphism where f :A1 → B1 is any map and
∗ :A2 →B2 is the constant map.
Proof. Define φ :A1 → A1 ∨ B1 by φ1(a)= (a,∗) and φ2 :A2 → A2 ∨ B2 by φ2(a′) =
(a′,∗). Then (φ1, φ2) :α → α ∨ β is a coaffiliated morphism of (f,∗). By definition,
φ2α = (α ∨β)φ1 and Jφ2 = (1×∗)∆, where J :A2 ∨B2 →A2 ×B2 is the inclusion and
∆ :A2 → A2 ×A2 is the diagonal map. So it is sufficient to show that Jφ1  (1 × f )∆.
Since B1 is contractible, there is a homotopy H :B1 × I → B1 such that H |B1×0 = 1B1
and H |B1×1 = ∗. Define H ′ :A1 × I → A1 × B1 by H ′(a, t) = (a,H(f (a), t)). Then
H ′(a,0) = (a,H(f (a),0)) = (a, f (a)) = (1 × f )∆(a), H ′(a,1) = (a,H(f (a),1)) =
(a,∗)= Jφ1(a). Thus Jφ1  (1× f )∆. ✷
The homomorphism J :Πn(A1,B)→Πn(α,B) is explained by the diagram
A1
1
α
A1
f1
∗
EΩn−1B
pn
A2 ∗ ∗ f2 Ωn−1B
That is, since the element [f ] ∈ Πn(A1,B) = [A1,ΩnB] can be identify [f1,∗] ∈
Πn(∗,pn)=Πn(∗,B), J [f ] = (1,∗)∗[f1,∗] = [f1,∗] ∈Πn(α,B).
Corollary 5.2. J (Πn(A1,B))⊂DGn(α,B).
Proof. Since EΩn−1B is the contractible, (f1,∗) is a cocyclic morphism by the
Lemma 5.1. So J [f ] = [f1,∗] ∈ DGn(α,B). ✷
Corollary 5.3. If DGn(α,B)= 0, then α∗(Πn(A2,B))=Πn(A1,B).
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The homomorphism ∂ :Πn(α,B)→Πn−1(A2,B) is explained by the diagram
∗ A1 f1
α
EΩn−1B
pn
A2 1 A2 f2 Ω
n−1B
That is, ∂[f1, f2] = (∗,1)∗[f1, f2] = [∗, f2] ≡ [f2].
Lemma 5.4. ∂(DGn(α,B))⊂DGn−1(A2,B).
Proof. If [f1, f2] ∈ DGn(α,B), then f1 and f2 is cocyclic. But ∂[f1, f2] = [f2]. Thus
∂(DGn(α,B))⊂DGn−1(A2,B). ✷
Thus we have a long sequence
· · ·→ DGn(A2,B) α∗→Πn(A1,B) J→ DGn(α,B) ∂→ DGn−1(A2,B)→·· · .
We call this sequence the dual G-sequence of α in the category of pairs. This sequence
is always exact at DGn(α,B). What is the conditions of α for the sequence to be exact?
Theorem 5.5. If α is null homotopic and a cofibration, then the dual G-sequence of α is
exact.
Before to prove this theorem, we need to show the following lemma.
Lemma 5.6. If α is null homotopic and a cofibration, then ∂ : DGn(α,B)→ DGn−1(A2,B)
is an epimorphism.
Proof. Let [f ] ∈ DGn−1(A2,B). Then there exists an affiliated map φ :A2 → A2 ∨
Ωn−1B such that Jφ  (1×f2)∆, where J :A2∨Ωn−1B→A2×Ωn−1B is the inclusion.
It is sufficient to show that there is a map f ′ :A2 →Ωn−1B such that [∗, f ′] ∈DGn(α,B)
and [f ′] = [f ]. Since α :A1 →A2 is null homotopic there is a homotopyH :A1 × I →A2
such that H(a,0) = α(a), H(a,1) = ∗ and H(∗, t) = ∗. Consider fH :A1 × I →
A2 → Ωn−1B . Then fH(a,0) = f α(a). Since α is a cofibration, there is a homotopy
H ′ :A2 × I →Ωn−1B such that H ′(α × 1I )= fH and H ′(a′,0)= f (a′) for a′ ∈ A2. If
we let f ′ = H ′|A2×1, then f ′α = pn∗ and (∗, f ′) :α→ pn is a morphism. Furthermore,
we have H ′ :f  f ′( rel ∗). Since α is null homotopic, φα  ∗  (1 ∨ pn)∗ and Jφ 
(1× f )∆. So (∗, φ) is a coaffiliated morphism of (∗, f ′) and [∗, f ′] ∈DGn(α,B). By the
fact ∂[∗, f ′] = [f ′] = [f ], we complete to prove ∂ is epimorphic. ✷
Proof of Theorem 5.5. Since α is nullhomotopic, α∗ = 0. So J is a monomorphism. Thus
the dual G-sequence is exact at DGn(A1,B). We know the dual G-sequence is always
exact at DGn(α,B). By Lemma 5.6,
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Im ∂ = DGn−1(A2,B)= DGn−1(A2,B)∩Πn−1(A2,B)
= DGn−1(A2,B)∩Kerα∗ =Ker
(
α∗|DGn−1(A2,B)
)
.
Thus, the dual G-sequence is exact at DGn−1(A2,B). So we have the following exact
sequence
· · ·→ DGn(A2,B) α∗→ DGn(A1,B) J→ DGn(α,B) ∂→DGn−1(A2,B)→ ·· · .
Given α :A1 → A2, we define Hm(α,G), the mth cohomology group of the object α
with values in G (G an abelian group) to be Π1(α,K(G,m)). In the case when α is an
inclusion this reduces the ordinary relative cohomology group. If B =K(G,m+ n), then
Πn(A,B)=Π
(
A,K(G,m)
)=Hm(A,G)
and
Πn+1(α,B)=Π1
(
α,K(G,m)
)=Hm(α,G).
Thus, with B =K(G,m+ n), the homotopy sequence of α becomes
· · ·→Hm(α,G)→Hm(A2,G)→Hm(A1,G)→Hm+1(α,G)→ ·· ·
this is called the cohomology exact sequence of the map α. If α is an inclusion this reduces
the traditional cohomology sequence [4].
We define DHm(A,G) to be DGn(A,K(G,m+ n)) and DHm(α,G) to be DGn+1(α,
K(G,m + n)). Then DHm(A,G) and DHm(α,G) are the subgroups of Hm(A,G) and
Hm(α,G) respectively. So, in the case when B =K(G,m+ n), the dual G-sequence of α
becomes
Hm(α,G) Hm(A2,G) Hm(A1,G) Hm+1(α,G)
∪ ∪ ‖ ∪
DHm(α,G) DHm(A2,G) Hm(A1,G) DHm+1(α,G)
If α = i :A1 → A2 is the null homotopic inclusion, then we have following short exact
sequence
0 Hm(A1,G) Hm(A2,A1;G) Hm+1(A2;G) 0
‖ ∪ ∪
0 Hm(A1,G) DHm+1(i,G) DHm+1(A2;G) 0
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